Preliminaries and Main Results
1.
Let M be a complex manifold with a smooth boundary which will be denoted bM , dim C M = n. Let us denote M = M ∪ bM and assume for simplicity that M ⊂M whereM is a complex neighbourhood of M , dim CM = n, so that every point z ∈ bM is an interior point ofM . Let us take a C ∞ -function ρ :M → R such that
(0.1) For any z ∈ bM denote by T c z (bM ) the complex tangent space to bM : the maximal complex subspace in the real tangent space T z (bM ), dim C T c z (bM ) = n − 1. If z 1 , . . . , z n are complex local coordinates inM near z ∈ bM , then T zM is identified with C n and
The Levi form is an hermitian form on T c z (bM ) defined in the local coordinates as follows:
In this case replacing ρ by e λρ − 1 with sufficiently large λ > 0 we can assume that L z (w,w) > 0 for all w = 0 (not only for w satisfying the condition in (0.2)).
Equivalently, strongly pseudoconvex manifolds can be described as the ones which locally, in a neighbourhood of any boundary point, can be presented as strongly convex domains in C n .
Denote by O(M ) the set of all holomorphic functions on M .
A point z ∈ bM is called a local peak point for O(M ) if there exists a neighbourhood U of z inM such that z is a peak point for O(M )|(U ∩ M ) which is the space of all restrictions of functions from O(M ) to U ∩ M. In other words there exists a function f ∈ O(M) such that f is unbounded in U ∩M for any neighbourhood U of z inM and there exists a neighbourhood U of z inM such that for any neighbourhood V of z inM the function f is bounded in U − V .
Note that the pseudoconvexity and strong pseudoconvexity at a point z ∈ bM are local notions, whereas being a peak point or a local peak point for O(M ) depends on the global structure of M . One of the goals of this paper is to extend these results to the case when M is not necessarily compact but admits a free holomorphic action of a discrete group Γ such that the orbit space M/Γ is compact (or in other words M is a regular covering of a compact complex manifold with a strongly pseudoconvex boundary). In this case we shall use the von Neumann Γ-dimension dim Γ to measure Hilbert spaces of holomorphic functions (or some exterior forms) which are in L 2 with respect to a Γ-invariant smooth measure on M . In case when the group Γ is trivial (i.e. has only one element) the Γ-dimension is just the usual dimension dim C . We shall prove that the space of L 2 -holomorphic functions on a strongly pseudoconvex
